
Vol. 37, Nr.  4 D.S. ROBSON, LERoY POWERS and N. S. URQUHART: Proportion of Genetic Deviates 2o5 

their interaction with locations and years. Agron. J. 44, 
462-466 (1952). - SPRAGUE, G. !~.: Early testing of 
inbred lines of corn, J. Am. Soc. Agron. 38, 1o8--117 
(1946). -- SPRAGUE, G. F., and W. T. FEDERER: A com- 
parison of variance components in corn yield trials II. 
F, rr,)r, year X variety, location × variety and variety 

components. Agron. J. 43, 535-541 (1951). - 2o. 
SPRAGOE, G. F., and L. A. TATUM: General and specific 
combining ability in single crosses of corn. J. Am. Soc. 
Agron. 34, 923--932 (1942)- -- 21. STRAIN, J. H.: Geno- 
type-environmental interactions in caged layers. M.S. 
thesis, Iowa State Univ. Library (196o.) 

The Proportion of Genetic Deviates 
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Summary. If genetic and environmental effects upon 
a quantitative phenotype X = G + E are normally and 
independently distributed then the probability distri- 
bution of genetic value G among individuals of fixed 
phenotypic value X is likewise a normal distribution. The 
mean of this a posteriori distribution of genetic values is 

+ h 2 (X --~) and the variance is a~ (1 -- h2), where 
is tile a priori mean of X, h e is the heritability ratio, and a~ 
is genetic variance. For any fixed values of h 2 and a} the 
a posteriori probability that the genetic value G associated 
with a given phenotype X exceeds the population mean 
by any specified amount can therefore be read directly 
from the tables of tile standard normal distribution. The 
expected proportion of these superior genetic deviates 
among individuals whose phenotypic value exceeds some 
specified constant may also be calculated (by numerical 
analysis) and is presented here in graphical form. 

If phenotypic selection is practiced by choosing the 
best out of N phenotypes then N should be large enough 
to assure high probability of obtaining a superior genetic 
deviate. The operating characteristics of this type of 
selection are displayed in tabular form, again based upon 
numerical integration. 

Introduction 

The phenotypic array exhibited by a segregating 
genetic population reflects both the genetic and the 
environmental variability within the population. As 
a consequence, an element of uncertainty attaches to 
selection for genetically superior individuals on the 
basis of their phenotypic traits. The latter may, 
by chance, be merely the result of an unusually 
favorable environment acting upon a genotype which 
under less favorable conditions would display only 
a mediocre or even undesirable phenotype. Chances 
for the occurrence of such phenotypic deception 
depend, of course, upon the magnitude of variability 
environmentally induced as compared to that  caused 
by genetic differences. 

Any mathematical  formulation of this problem to 
enable the geneticist to evaluate numerically his 
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chances for successful selection would require a de- 
tailed description of the phenotypic frequency distri- 
bution in the population. The total segregating 
population is a mixture of subpopulations, each of 
which represents the distribution of phenotypes pro- 
duced by a single genotype under the existing range 
of environmental conditions. Each subpopulation or 
genotype contributes to the total population in pro- 
portion to its genotypic frequency. A mathematical 
description of the population consists, therefore, of 
specifying the relative frequency of each genotype 
and the exact form of its associated distribution of 
phenotypes. 

Usually, when selection is practiced for economic 
purposes, a large number of both genetic and environ- 
mental factors operate at variable levels to determine 
the phenotypes in the population. Empirical evidence 
supports the belief that, in this case, the total- 
frequency distribution and also the component distri- 
butions for a quantitative phenotypic trait are ap- 
proximately Gaussian in form. A standard population 
model has therefore come into use for such problems 
as the prediction of advancement under selection. I t  
is EISENHART'S Model I I  (1947) which represents, in 
the simplest case, a normal mixture of normal sub- 
populations with constant variance. Each genotype 
is assumed to generate a normal distribution of 
phenotypes under the existing range of environmental 
conditions. The distribution of phenotypic means 
(called genotypic values) is likewise normal. 

Graphs of  the Proportion of  Genetic Deviates  
The phenotypic value X, for some quantitative 

trait of an individual selected at random from a gene- 
tic population, may be regarded, conceptually, as the 
sum of two components:  
G = average phenotype for the genotype of the 

chosen individual 
E -  deviation of the particular phenotype of the 

chosen individual from the average phenotype 
(G) for the genotype of that  individual -~ X -- G 

or 
X - - G + E .  

The first component G is conventionally called the 
genotypic value. E is the environmental effect. If the 
population structure is a normal mixture of normal 
subpopulations having a common environmental 
variance, then the chance variables G and E follow 
independent normal distributions. G has a mean 
value of ~ and variance a~. E has a mean value of zero 

2 Thus X itself follows a normal distri- and variance a,. 
bution, with mean ~ and variance a~ + a~. 
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A probability distribution of particular interest to 
the geneticist is the a posteriori distribution of G 
among individuals of a fixed phenotype x' ;  tha t  is, 
given that  he has selected an individual of pheno- 
type x', the geneticist is then concerned with the 
probability that  this chosen .individual is of superior 
genotype, say greater than some standard value g. 
For any selected phenotypic value x', the conditional 
distribution of genotypic values G is in this case 
normal with mean ~ + h ~ (x' --  ~) and variance 
a~ (1 -- h *) as shown in appendix 1. Here, h ~ is the 
heritability ratio 

or the ratio of genetic to total variance in the popu- 
lation. 

The desired probabili ty that  the genotypic value 
will exceed some specified value g' is derived in 
appendix 2. If ¢ is the standard (cumulative) normal 
distribution function, and if x' and g' are expressed in 
standard units as 

# - ~ g ' - g  
x - -  and g -- , 

then 
~k--g 

[ x h - - g ~  _ ~ f e -" l  ~dt.  (~) P(G > g'lx) = qb kV ~ - - ~ 1  1/~ 
- - 0 0  

This depends on the variance components a~ and a~ 
only through the heritabili ty ratio. A special case of 
some interest is where g' = ~, and thus g = o, giving 

q~ ( x / ~ / ~ )  as the probabili ty that  an individual of 

phenotype x" will be genetically above average; note 
tha t  when h ~ = ~/2 this reduces to 
q~(x) = area to the left of x under the standard 
normal curve. 
For example, with x ~ 1.645 and h ~' -- 1/2, the prob- 
ability that  the genotypic value of the selected in- 
dividual exceeds the population mean is q~(L645) 
--= .95; if h ~ were ~/4 instead of ~/2 then the desired 

probabili ty would be q)(1.645~/3) = q~(.95o) = .83, 
while h * =3 /4  would give 4(1.645 ~/3) = q~(2.849)=.998. 
These answers may be interpolated from Figure ~, 
where the general form of the solution is illustrated 
by  plotting q~([xh --  g ] / f t  --  h ~) as a function of g 
with x fixed at the upper 5 percent tail va]ue of 1.645 
and with h ~ taking the values o.~ to 0. 9 by steps of o.L 
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Fig. 1. Genotypic distribution for selections at the 95% point of the phenotyp 
distribution. 
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Fig. 3, Genotypic distribution for selections at the 75% point of the phenotypic 
distribution. 

Figures 2 and 3 display the corresponding curves, 
with x fixed at the upper lo percent value of 1.282 
and the upper quartile value of .674, respectively. 

Where selection operates on the entire upper tail of 
the phenotypic distribution, taking all individuals 
whose phenotypic value exceeds x', the question of 
interest becomes the proportion of these selected 
individuals having genotypic values exceeding g'. 
More precisely, this proportion may be interpreted 
as the conditional probability that  an individual 
selected at random, and exhibiting a phenotypic 
value greater than x', will also have a genotypic 
value greater than g'. The solution to this problem 
is obtained in appendix 3 and again is expressible in 
integral form as 

o O  

f rhy-gl P ( G > g '  [ X > x ' )  = P g . , - -  1 - ~ ( x )  j [ t / ~ _ ~ j  d~b(y) 

, (2)  

though in this case the integral is not previously 
tabulated. The only nontrivial case which permits 
further analytic reduction is g = o and hZ--- - 1/2. 
When half of the total variance is genetic, then the 
probability that  an individual, selected at random 
from the region X > x', will be genotypically above 
average is [1 + q~(x)]/2. (This is established in ap- 
pendix 3.) Thus, the solution here may  be read 
directly from the cumulative normal tables; for 
example, the proportion of above-average genotypes 
in the upper 5 percent tail of the phenotypic distri- 
bution is 

[x + ~(1.645)]/2 ---- [1 + .95]/2 = -975. 
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A numerical solution in the general case can be 
obtained only by numerical integration, for which the 
most  convenient  approach is to hold g and h ~ fixed, 
and allow x to vary. Graphs of this probability 
function of g, appearing in Figures 4- -12 ,  are there- 
fore plotted as functions of x, with each curve cor- 
responding to a fixed value of g and h z. For example, 
from the curve for P = .o5 (corresponding to g 
----- 1.645 ) and h ~ = ~/2, Figure 8, we see that in the 
upper 25 percent tail of the phenotypic  distribution 
(x----.674 ) the proportion of standardized genetic 

e'~sV--~- [ 
z o o ~  : : - z 

.~ - ~o . ~ 
~ 0.75 ..o. 

OOl O.l 1 70 50 90 99 99.9 9£99 
Percenloge helen gin SIo/he upper 17-proporlmn of/he genelie population 

Fig. 4. Relationship between phenotypic truncation point and genetic value 
when h = ~ 0.1. 

deviates exceeding g ---- 1.645 is .~7. In other words, 
17 percent of the phenotypic  top-25-percent also 
belong to the genotypic  top-5-percent of the popu- 
lation, when half of the variability is genetic. 

A more complete picture of the expected pro- 
portions of genetic deviates m a y  be constructed for 
each value of h ~ by a slight extension of the results in 
Figures 4- -12 .  The case when half of the variance 
is genetic, h ~ : 1/2, serves to illustrate this extension 
of Figure 8, as summarized in Table ]. The other 
Figures can be extended in the same fashion. 
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Fig. 7. Relationship between phenotypie truncation point and genetic value 
when h ~ = 0.4. 
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Fig. 8. Relationship between phenotypic truncation point and genetic value 
when h s = o.5. 
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Table 1. 19ercentage o/ ind iv iduals  in  a phenotypic  class 
which belong to the top t 9 percent o / the  genotypic distr ibution 

when h 2 = 1/2.* 

Phenotypic 
class 

interval 

Phenotypic 
frequency 

(%) 
I 

.25to .75 ] 17.47 
-75to 1.25 I 12.1o 

1.25 to 1.75 ] 6.55 
1.75 to 2.25 2.97 
2.25 to oo 1.22 

Percentage of the class frequency belonging to 
the top P percent oi the genotypic distribution 

P = 5 o [  P = 2 5  

6 8 . 6 3  3 1 . 5 4  
[ 83.39 5o.17 
92.67 68.85 

97.49 83.51 
99.18 94.26 

P = a o [  P = 5 ]  P = I  

9.56 3.43 0.29 
20.58 9.09 1.o 7 

] 36.79 19.85 3.51 
55.91 35.84 9.32 
77.o5 59.84 25.41 

* The development of this table from Figure 8 is discussed in Appendix 4. 
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Fig. 13.  Distribution of genotypic'values within phenotypic classes when h t = 1]2. 

A histogram derived from Table 1 is shown in 
Figure 13. The proportions of individuals belonging 
to the various percentiles of the genotypic distri- 
bution are indicated for each phenotypic class. For 
example, the phenotypic class 

+ 1.25 #~ + ~ ,  - -  x ~ ~ + 1.75 W~ + ~ ,  

is represented by  a column of height 6.55 percentage 
points, of which a fraction .9267 (third row of Table 1) 
was contributed by  individuals from the top half of 
the genotypic distribution. The remaining fraction, 
.0733 , is therefore contributed by  individuals belong- 
ing to the lower half of the genotypic distribution. 
Thus, in Figure 13, the first .0733 (6.55) = 0.48 of 
these 6.55 percentage points are labeled " o - 5 0 " .  
Likewise, a fraction .9267--.6885 = .2382 of these 
6.55 percentage points are contributed by  individuals 
belonging to the top half but  below the top quarter  of 
the genotypic distribution. The next  .2382(6.55) 
~- 1.56 percentage points are therefore labeled " 5 0  to 
75" and represent the contribution to this phenotypic 
class from individuals belonging to the 50%--75% 
quartile of the genotypic distribution. This par- 
titioning of the 6.55 percentage points is continued 
according to the columns of Table 1 until we last 
obtain the .o351(6.55) = 0 . 2 3  percentage points 
contributed by  individuals belonging to the top 1 
percent of the genotypic distribution (labeled "99 to  
1 0 0 " ) .  

T h e  Effect  o f  Popula t ion  Size:  Before Select ion 

The preceding results describe some characteristics 
of an abstract  infinite population. The genetic po- 
pulation actually observed and used for selection is 
of finite size N, representing only a sample from this 
potential infinite population. Finiteness of the ob- 
served population has no effect on the results plotted 
in Figures 1--3, which are conditional on a single 
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selected phenotyplc  value. Nut the apphcat ion of 
Figures 4--12,  conditional on a selected upper  tail 
of the phenotypic  distribution, requires fur ther  ex- 
planation. 

A selection procedure which takes all individuals 
in the tail of a distribution m a y  be defined in essen- 
tially two different ways, by  specifying: (1) the mini- 
m u m  acceptable phenotypic  value, or (2) the per- 
centile of the observed phenotypic  distribution at 
which selection begins. When the minimum accept- 
able phenotype is fixed in advance, the number  or 
percentage of the prospective population of size N 
which will be selected is a chance variable, unknown 
in advance of the selection experiment.  On the other 
hand, if the selection rate or percentage is fixed, the 
min imum phenotypic  value which will be accepted is 
a chance variable and unknown in advance of the 
experiment.  In  either case, chance variations in the 
respective unknown quantit ies will decrease as N is 
increased; and, as N approaches infinity, the two 
procedures become equivalent. In other words, when 
population size is infinite, the specification tha t  
selection will take all individuals with phenotypic 
values exceeding x' is equivalent to the specification 
tha t  selection will take a fraction 1-~b(x) from the 
upper  tail of the phenotypic  distribution. This 
asymptot ic  equivalence has been expressed in Figures 
4- -12  by  labeling the ordinate with both  the scale of 
x and 1-~(x). 

To plan a finite selection experiment  of either type,  
the potential  magni tude of chance fluctuations in the 
respective unknown quantit ies must  be considered. 
For example,  if a Type  I experiment  is contemplated 
with the minimum acceptable phenotype fixed at  
some preassigned level x', rational planning requires 
tha t  the populat ion size N chosen be large enough to 
provide reasonable assurance tha t  at least one of the 
N phenotypes  will exceed x'. The preassigned value 
of x" is in this case presumably  based on consider- 
ations of the facts revealed in Figures 1--12. I t  is 
likewise chosen to provide reasonable assurance tha t  
an individual of this phenotype will be of a superior 
genotype.  

Analysis ot a lype- l -exper lment  model shows tha t  
the probabi l i ty  of finding at least one phenotvpe ex- 

oraer  to obtain 100(1 --OQ percent assurance tha t  
the Type  I experiment  will produce at  least one 
selection, population size N must  be chosen to satisfy 

In  order to provide the same assurance of obtaining 
at least one selection with a genotypic value exceeding 
any  specified value, g, a larger value of N is required 

For example,  if all phenotypes greater  than  two 
s tandard deviations above the mean are to be selected 

of obtaining at least one selection requires tha t  
N = log o.x/log (1--.9773) = lOl. If  in addition, this 
selection is to come from the top 5 percent of the 

where Pg,~ denotes the probabil i ty  tha t  the genotype 
of the phenotypically k th largest individual will exceed 

i r 

The genotypic distribution associated with the k th 
ranking phenotype in a population of size N is shown 
in Appendix 5 to be 

Similarly, the chance of obtaining exact ly two selec- 
tions (m = 2) is .265, of three selections is .203, of 
four selections .116, and so on. The probabilities 
from m = 1 onward add to the previously specified 
1 --  a = .9 o. The expected number  of such selections 
is NPg.~(1 --  ~(x)), or in this case 2.29. 

If  a Type  I I  experiment is contemplated with a fixed 
selection rate of lOO (x - - # )  percent, the population 
size N chosen should be large enough to provide rea- 
sonable a s s u r a n c e  (1 - -  0~) tha t  the k = N (1 --  #)  
selections are genetically superior, or at least tha t  the 
best  of these selected phenotypes is a genetically 
superior individual. A characterization of the Type  I I  
model, by  means of the probabil i ty  distribution of m 
(the number  of selections exceeding g in genotypic 
value) is readily accomplished analytically, but  is 
quite cumbersome computationally.  A more con- 
venient characterization is afforded by  the genotypic 
distribution associated with either the minimum or 
max imum selected phenotype,  the la t ter  being equi- 
valent  to the distribution of m for the special case 

Thus, for the case illustrated above, with N = 196 , 
the probabil i ty  of obtaining exact ly one selection 
from the genetic top 5 percent is 

A more detailed characterization of a contemplated 
Type  I experiment  is given by  the probabil i ty  of 
selecting exact ly m individuals belonging to the top 
l o o p  percent of the genotypic distribution, which is 
the binomial probabil i ty 

These computat ions demonstra te  the influence of h 2 
on N;  it is much more dependent on small values of 
h 2 than on large values. The values of .Pg.,, in these 
computat ions were obtained from the previously 
mentioned numerical  integration but  may  be read 
with 2-digit accuracy from Figures 4--12,  respecti- 
vely. As an illustration, referring to Figure 8 with 
h 2 ---- 0.5 we find tha t  the curve for _P = .0 5 intersects 

genotypic distribution (P = .05, g ---- 1.645), N must  
be chosen as follows: 
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the population mean by  at least an amount  ga c. For  
k = x, or for the largest of N phenotypes,  this be- 
comes 

oo 

J \1/1 - h'/ 
- - o o  

Numerical  evaluation of the integral Pc, k for the 
purpose of appraising a contemplated Type I I  ex- 
perimental  plan is still somewhat  tedious. However,  
numerical integration, employing devices discussed 
in Appendix 6, was carried out for the case k ---- 1 to 
obtain a solution to Pc, ~ = o.9 as an equation in N. 
These results are presented in Table 2 as a guide to 
experiment  planning. They  indicate the population 
size required for 9 ° percent confidence tha t  the best 
selection will belong to the top 5, lo, 25 or 5o percent 
of the genetic population. 

Table 2. Population size required/or 9 ° percent certainty 
that the genotypic value o/the phenotypically best individual 
will /all in a specified upper percentile o/ the genotypic 

distribution. 

Heritability 

12,137 
147 
35 
16 
9 
7 
6 
5 
4 
4 

7 × 108 
31,14 o 

1,o7o 
193 
8o 
34 
17 
a4 
11 
8 

Top Top 
~o% 5% 

2 X 1014' 1018 
3 X ao v 5 × lO9 
84,145 2 × lon 
4,65 ° 5 X 1o 4 

870 5,300 
254 1,o6o 
lo9 415 
58 165 
34 82 
22 45 

0 .1  
0.:2 
0 . 3  
O. 4 
0 .5  
0 . 6  
0 . 7  
0 . 8  
0 . 9  
1 .0  

The population sizes for a Type  I I  experiment,  
tabula ted  in the P --= .o5 column of Table 2, can be 
compared with those computed earlier for a Type  I 
experiment.  Earlier computat ions show tha t  when 
h 2 = 1/2 and x = 2 in a Type  I experiment,  a popu- 
lation size of N = 196 is required for 9 ° percent 
assurance tha t  at least one selection will belong to 
the top 5 percent of the genotypic distribution. 
Table 2, on the other hand, indicates tha t  in a Type  I I  
experiment,  a population size of N =-5300 is re- 
quired for 9 ° percent assurance tha t  the phenotypi- 
catly best selection will belong to the top 5 percent of 
the genotypic distribution. 

Superficially, these two tabula ted  results might  
appear  incompatible;  however, the conditions to be 
fulfilled are quite different. In the first, we require 
only tha t  at least one of the selections be genetically 
superior, while in the second we require tha t  an iden- 
tifiable selection (the largest) be genetically superior. 
Clearly, the la t ter  requirement is much more strin- 
gent;  the population size necessary to achieve it is 
correspondingly much greater.  For a population size 
of only 196 in a Type  I experiment with h 2 = 1/2 and 
x = 2, there is a 0.9 probabi l i ty  tha t  at  least one of 
the selections will have g ~ 1.645; but  there is (by 
numerical integration) less than  0.65 probabil i ty tha t  
the phenotypical ly best selection will have g ~ 1.645. 

T h e  Effect  o f  P o p u l a t i o n  S ize:  After S e l e c t i o n  

At the planning stage of a selection experiment  the 
phenotypes to be selected are yet  unknown, except 

in the form of a lower bound in the case of a Type  I 
experiment.  Upon completion of the phenotypic 
selection the genetic values of the chosen individuals 
are yet  unknown. Figures 1--12 are therefore still 
of some interest to the geneticist at the post-selection 
stage. Figures 1--3,  in particular,  provide a des- 
cription of the genotypic distribution associated with 
any  selected phenotypic  value, regardless of the rank 
of tha t  individual among the selections. If  pheno- 
typic values are not actually measured in the selection 
experiment,  but  only compared to a s tandard  value 
x in a Type  I experiment  (i.e., phenotypes are ob- 
served only to be greater  or less than  x), or if they are 
s imply ranked in a Type  I I  experiment,  Figures 1- -3  
do not apply. The use of Figures 4- -12 then depends 
more specifically on the type  of information available 
on the selected phenotypes.  

In  a Type I experiment where no information is 
obtained other than the exact number  k of pheno- 
types exceeding the s tandard value x, the computa-  
tions of Figures 4- -12 apply directly for a random 
one of these k individuals. For all k individuals, a 
binomial distribution applies. The probabil i ty tha t  
m of the selected k individuals fall in the top l o o P  
percent of the genotypic distribution is 

( k )  Pgm.x ( 1 -  pg.x) k-m . 

For example, if k = lO individuals are found to be 
phenotypically larger than a preassigned s tandard 
value of x -  1.645 in a population with heritabili ty 
h 2 = 0.4, the probabil i ty tha t  at least 3 of these lO 
belong to the top l o o p  = 5 percent of the genotypic 
distribution is 

From Figure 7 and the curve P = .o5 at x = 1.645 
we find Pc.* = .333, giving 

I --  .667 a° - -  lO (.333) (-667) 9 - -  45(.333)2(.667) 8 
= ,7000. 

Notice tha t  knowledge of k will, on the average, 
decrease the variance of m by  a factor of (1 --  P v x ) [  
E1 --  Pg. ,  + Pg. ~ O(x)], or approximate ly  by  1 - -  Pc.*. 

Additional information concerning the ordering 
among the k selected phenotypes in a Type  I experi- 
ment  is difficult to analyze numerically, because of 
integration problems. The genotypic distribution 
associated with the lowest-ranking selected pheno- 
type, for example, is given by  the integral 

k ~ o  (g _ Y h 
E1 O(y)] ~-1 dO(y) 

while tha t  for the highest  ranking phenotype is 
oo 

h fa~[g-yh~ [1 - O(x)]k ~VI__Z_~/[O(y) - O(x)] k-* d # ( y ) .  

Such functions could be integrated numerically by  
the methods employed in computing Table 1. How- 
ever, the number  of cases to be considered is quite 
large and requires extensive tables or graphs. 
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In a Type II  experiment, phenotypic ordering, an 
integral part  of the selection process, contributes no 
additional information beyond that  assumed in the 
planning stage. In this case the number (k) selected 
is fixed in advance; and the minimum selected pheno- 
type x~ is a chance variable corresponding to the 
selection point x of a Type I experiment. In fact, if 
x~ were actually measured while the remaining top 
k -  1 phenotypes were merely ranked, the infor- 
mation on these k -- 1 individuals would be of a type 
identical to that  obtained on the k selections of a 
Type I experiment, with xk now playing the role of x. 

Usually all selected phenotypes will be measured, 
and the outcome of the selection experiment will 
consist of phenotypic observations xl > x~ > • • • > xk. 
Figures 1-- 3 then suffice to describe the probability 
distribution of genotypic values associated with each 
of these phenotypes, regardless of which type of ex- 
periment was employed. 

Expected Identifiable Numbers of Genetic Deviates 

POWERS (1945), POWERS et el. (1958) and DUDLEY 
and POWERS (1960) introduced the concept of iden- 
tifiable numbers of genetic deviates in the phenotypic 
classes of a segregating population. The identifiable 
numbers of genetic deviates are represented by the 
differences between these class frequencies and those 
of a nonsegregating population of the same size, 
superimposed on the same population mean. As 
noted by  FEDERER, POWERS, and PAYNE (1963) , the 
class frequencies of the segregating normal population 
exceed those of the corresponding nonsegregating 
population at a distance of 

= z  + = t!'°g ' / ; . -  - !  
or more on either side of the mean. Consequently, in 
the sense defined by  POWERS, the frequency of identi- 
fiable genetic deviates is positive in any phenotypic 
class, beginning at least a distance z away from the 
mean of an infinite population. In particular, in the 
entire tail of the distribution, from z to oo, the fre- 
quency of identifiable genetic deviates is 

Z p 

(4) 

so that  in a segregating population of size N the ex- 
pected number o[ superior identifiable genetic deviates 
is defined as N P L  

Unfortunately, in the present context this defini- 
tion raises certain ambiguities, for in this same pheno- 
typic interval (z, oo) the proportion of genotypic 
values exceeding the mean is 

c o  

P o , =  ' hy 1 - -q,(z) j ~ V ~ ]  dq~(y) 
z 

so that  NPo. ,  ( 1 -  ~5(,z))may also be described as the 
expected number of superior genotypes falling in 
this interval. Confusion may be avoided here by 
regarding P+ as an index of heritability, comparable 
to the heritability ratio h ~, rather than by  attempting 
to interpret P÷ as a probability. In fact, for the nor- 
mal case, P+ is a monotone (increasing) function of 
h 2 and therefore equivalent to h ~ as a heritability 

the Tails of a Normal Population 2 1 1  

index. When the genotypic distribution is not normal 
then, of course, the two indices P+ and h ~ are no 
longer equivalent and, in general, neither can be 
regarded as an adequate index of heritability in the 
sense of uniquely determining the genotypie distri- 
bution associated with a given phenotypic distribu- 
tion. However, if a frequency difference P+ is com- 
puted for every phenotypic class interval, all infor- 
mation in the genetic experiment is retained; in this 
extreme, if trivial form, the P+ index has optimum 
properties for any distribution model. 

Numerical Illustrations with Sugarbeet Data 

Experimental  data fulfilling all requirements of the 
normal model are extremely uncommon, and, in the 
strictest sense, actually non-existent. Besides the 
problem of achieving normality and constant en- 
vironmental variance, by appropriate choices of a 
scale of measurement, there is also the problem of 
conducting a practical, completely randomized ex- 
periment with a single individual per plot as called 
for by  the simple model considered here. Our data 
(used here for illustration, and obtained from a popu- 
lation genetic s tudy on sugarbeets conducted in 196o ) 
cannot be rigorously shown to satisfy any of the 
requirements of the model. Thus the application of 
the model provides only a crude guide to the true 
genetic character of the data. Until more general 
methods of genetic analysis are developed a crude 
guide is all that  can be expected, and may still serve 
as a valuable tool in the analyses of such data. 

For details of the design of the experiment, a des- 
cription of the populations studied, and the adjust- 
ment of the frequency distributions to eliminate va- 
riation due to replications and populations, see PO- 
WERS et el. (1964). Except  for predicted values, the 
data in Table 3 were taken from this article. They 
determined sucrose percentage of the sugarbeet roots, 
transformed the data to the logarithmic scale, and 
made the adjustments mentioned above. The re- 
sulting frequency distributions are thus freed of both 
replication and population mean effects, and hence 
are subject only to within-plot sources of genetic and 
environmental variation. Intra-plot correlations (po- 
sitive before adjustment) are negative in the adjusted 
observations. Their effects are not taken into account 
in the following analysis. The frequency distributions 
(see POWERS et el. (1958) and POWERS et el. (1964)), 
present a skew appearance which indicates that  the 
environmental distribution depicted by the non-seg- 
regating entry may change shape with each genotype. 

First, the correspondence between the observed 
frequency difference beyond the points of intersection 
of the segregating and the non-segregating frequency 
distributions are considered. The method of identi- 
fying these points of intersection is given by  POWERS 
et el. (1958). The predicted frequency differences, 
based on the observed within-plot heritability ratio, 
and the normal theory formula for N P  ÷, are shown 
in Table 3 for each of the segregating populations. 
For example, with a heritability ratio of h 2 = .60569 
and N = 450, the predicted frequency difference to 
the right of 

] / .3~31 loge (.39431) 
z = V --.60569 -- "77836 
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i s  

N P  + =  4 5 0 [ ~  [ '77836 ~__ ~ (.77836)] 
V.-Tgf; ! 

= 45o [.8924 -- .78o8] = 50.  

Examination of Table 3 reveals that this prediction 
corresponds fairly closely with observation for most 
entries, though a few major discrepancies reduce the 
correlation between observed and predicted to 0.69. 
A somewhat surprising side result is the high corre- 
lation of .99976 between h = and N P  + in this table, 
indicating that  despite its analytically complicated 
form, N P  ~ is a nearly linear function of h 2. In the 
light of these clear, as well as suspected violations of 
the model, the degree of fit to the model predictions 
are somewhat surprising. They lend some credence 
to imponderable assumptions. 

Table 3. Comparison o/ observed and predicted identi[iable 
numbers ot genetic deviates. Adfusted 196o log percentage 
sucrose data, N = 45o. 1 Predictions based on equation 4. 

Population 

CMS X 4W-34 
CMS X A54-1 
A54-1 
CMS X 4W-34 $2 
4W-34 S~ 
CMS X 4W-34 AR 
4W-34 AR 
52-43o X 54-520 
54-52o X 52-305 
A56-3 
54-520 
Totals 

Heri- 
tability 
ratio 

.6o569 

.62211 

.63228 
• 4849 o 
.59884 
• 52778 
.41712 
.41o19 
• 35738 
.51308 
.67032 

Identifiable numbers of genetic deviates 

Superior Total 

erred observed[ pre 

45 5 ° 87 
52 52 97 
60 53 lO8 
42 35 75 
45 49 77 

4 ° 82 
29 52 
29 64 
24 65 
39 94 
59 83 

459 884 
r = .69 ] 

)bserved predicted 

44 
25 
32 
34 
56 
44 

479 

predicted 

1OO 
lO.! 
lO6 
7 ° 
97 
81 
58 
57 
48 
78 

118 

917 
r = .75 

With exception of the )redicted values the data are taken from POWERS, 
REMMENGA, and URQUIIART (1964). 

The predictions embodied in Table 3 were based 
upon the heuristically derived Equation (4) for N P  ÷. 
However, this prediction contains no information 
about the genetic properties of the selected indivi- 
duals. Yet individuals from the top lO percent of the 
phenotypic distribution should have desirable genetic 
properties. Table 4 was constructed to illustrate this 
point using again data from POWERS et al. 0964). 
The number of observations above x' is the observed 
tail number. When the truncation point is divided 

by an estimate of l/a, = + a~, the standardized lower 

limit results. Since a~ is different for each population, 
the standardized limit varies from population to 
population. 

The a posteriori probability of a superior genetic 
deviate in the tail is computed by interpolation from 
Figures 4--12. For an example, consider the first 
population in Table 4: in the region X > ~ + 1.2667 

I / ~  + a~ of a normal segregating population with 
h ~ = .60569 the proportion of genotypes falling in the 
first quartile of the (normal) genotypic distribution 
is given by linear interpolation between the points 
P = .25, x = 1.2667 in Figures 9 and lo. For h 2 = .6 
in Figure 9 at x = 1.2667 and P = .25 we find P , . ,  
= .825 and for h 2 =  .7 in Figure lo, Pc.* = .887. 
Interpolation to h = .60569 then gives 

Pg. ,  = .0569(.887 -- .825) + .825 = .828 

and since 32 individuals instead of the predicted 46 
belonged to this tail of the observed (standardized) 
phenotypic distribution, the predicted number of 
genotypes is 

32Pg. ,  = 32(.828) = 26.  

~t direct measure of departure from normality is 
present in Table 4, where the observed frequencies in 
the upper tails of the distributions (X > x') are com- 
pared to predicted frequencies (N(1 -- q}(x))). Here 
the skewness of the phenotypic distributions is appa- 
rent; the predicted upper tail frequencies almost 
always exceed the observed. Consequently the pre- 
dicted numbers should be scaled downward in some 
manner as, for example, by  multiplying them by the 
ratio of the observed to predicted numbers, i.e. 

Table 5 contains a similar illustration based on se- 
lections from the upper quarter of the phenotypic 
distribution and the upper half of the genotypic 
distribution. 

Truncation Selection for T w o  Traits 

Graphs of the integral Pg.,, shown in Figures 
4--12, also have application in selecting on two 
positively correlated traits X 1 and Xt for improve- 
ment in a third trait Y. If truncation selection is 
practiced by retaining all individuals whose pheno- 
type with respect to X 1 and X 2 satisfies the relation 

X1 -/**, > Xl X2 --/**, > x~ 
O'X x O'x~ 

Table 4. Normal theory predicted proportions of individuals from the top quarter of the genotypic distribution. 
Data ~rom POWERS et al. (I964). 

Population 

CMS X 4W-34 
CMS X A54-1 
A54-1 
CMS X 4W-34 S 2 
4W-34 S~ 
CMS X 4W-34 AS 
4W-34 AS 
52-430 X 54-520 
52-43o X 52-3o 7 
54-520 X 52-305 
A56- 3 
54-520 

Heritability 
ratio 

k~ 

Standardized 
lowerlimit 

X 

area 

p = 1- o(x) 

Normal tail 
number 4- 22 

Np 4- 2 V ~  

0.6057 
o.6221 
0.6323 
0.4849 
0.5988 
0.5278 
o.4171 
o.41o2 
O.OOOO 

0-3574 
o.5131 
0.6703 

1.2667 . l O 2 6  
1.24o2 
1.2232 
1.4478 
1.2776 
1.3861 
1.54Ol 
1.5493 
2.o172 
1 .6171  
1.4o77 
1.1583 

.lO75 

.11o6 

.0738 

.lOO 7 

.0829 

.o618 

.0607 

.o218 

.o529 

.0796 

.1234 

46 -b 13 
48 :k 13 
50 -4- 13 
33 :t: 11 
45 :J: 13 
37 i 12 
28 + lO 
27 q- lO 
l o +  6 
2 4 +  9 
36 :ix 11 
56 + 14 

Observed 
tail number 

3 2 
3 ° 
32 
23 
34 
31 
20 
19 
7 

19 
24 
35 

Predicted genotypes from the top quartcr 
of the genotypic distribution 

proportion 

.828 

.822 

.834 
-793 
.827 
.807 
.766 
.763 

-735 
.803 
.841 

number adjusted 

26  18 
2 5 16 
27 17 
18 13 
28 21 
25 21 
15 11 
14 lO 

14 11 
19 13 
29 18 
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Table 5. Normal theory predicted proportions o/individuals /rom the top hal/ o/ the genotypic distribution. 

Population 

CMS X 4~V-34 
CMS X A54-1 
A54-1 
CMS X 4W-34 S~ 
4~V-34 S~ 
CMS X 4\¥-34 AS 
4W-34 AS 
52-430 X 54-520 
52-43 ° X 52-307 

213 

Data 'rom POWERS et al. (~964). 

54-52o X 52-3o5 
A56-3 
54-52o 

Heritability 
ratio 

h ~ 

o.6o57 
o.6221 
0.6323 
0.4849 
0.5988 
0.5278 
o.4171 
o.41o2 
O.OOOO 
0.3574 
o.5131 
0.6703 

Standardized 
lower limit 

x 

.6000 

.5875 
-5794 
.6858 
.6052 
.6566 
.7295 
.7338 
.9555 
.7660 
.6668 
.5487 

Normal ta i l  

area number 4- 2 a 

:t, = : -  a~(x) Nt,_+ ~ ~  

.2328 

.2317 

.1697 

.2218 

.2524 

.2917 

.2742 123 n L 

.2785 125 -F 

.2812 1274- 

.2464 111 4- 

.2725 1 2 3 ~  
• 2557 1 1 5 +  

lO5 + 
l O 4 ±  
764-  
99212 

1144- 
131 4- 

t hen  the  mean  va lue  of Y in the  se lec ted  f rac t ion  of 
the  popu la t i on  is shown in A p p e n d i x  7 to  be 

Gy { _ _ _  ) 
/~Y -~- [1 - -  {b(X1) ] Pxa.x, q3,xl~(Xl) ~ ~ V1 Z 0~x,x ' [ x l  0 . . . . .  - -  ~'2 

el,,, (5) 

The  s y m b o l  ~ in this  express ion denotes  a s imple  
cor re la t ion  coeff icient ;  ~v denotes  the  s t a n d a r d  uni-  
va r i a t e  n o r m a l  dens i t y  func t ion  and 

oo 

[ 1 -  ~ ( X l )  ] Px~.xl : --__/" ~9(Z) ~) ~ vl ~[~xlxzy°~-fe)dz'~xlxz -I 
xl 

These  fo rmulae  are  based  upon  the  a s sumpt ion  t h a t  
2(1, X ,  and  Y follow a t r i v a r i a t e  no rma l  d i s t r ibu t ion .  

If  equal  select ion ra tes  are  app l i ed  to b o t h  t r a i t s  
so t h a t  x I = x 2 = x (say), t hen  the  express ion  for 
mean  gain  in Y reduces  to  

Gain : ay 
[: - ~(x)] P~.~  

[ ( V .... X 9(X)  1 - -  ~ X 1 + 0 . . . .  

M a x i m u m  gain is o b t a i n e d  when the  two se lec ted  
t r a i t s  are  i n d e p e n d e n t  of one another ,  0 ..... = o ,  

gain - -  3( u) + M a x i m u m  

while a perfect  pos i t ive  corre la t ion ,  ~1-,  = 1, would  
resul t  in jus t  half  th is  m a x i m u m  gain ;  and  a corre-  
l a t ion  of 0 . . . .  = - -1  would  resul t  in no gain  wha t -  
soever  in the  mean  va lue  of Y. A select ion r a t e  of 
25 percen t  on each t r a i t  (x = .674 ), for example ,  
could  p roduce  a m a x i m u m  gain of 

~v(.674) 
1 -- q5(.674 ) (eyx, + eyx~) ay : 1.272 (~y~ + @~) ay 

when the  se lec ted  t r a i t s  are  independen t .  If  X 1 and  
X 2 were h igh ly  (posi t ively)  cor re la ted ,  s ay  ~ . . . .  = .9, 
the  cor respond ing  gain  would  be r educed  to  

1 -- • .674 g l  + .9487] 1.272 (@yx, + @y~,) ay 
P.674 • .674 

.4564 - -  ~ (1.272) (eyx~ + 0y,,) ay 

or 55 percen t  of the  m a x i m u m  possible  gain.  F igure  
12 was e m p l o y e d  in th is  ca lcu la t ion  to ob ta in  

P.674..674 = .83 

19 
19 
19 
18 
19 
18 
18 
18 
16 
18 
18 
19 

Observed 
ta i l  number 

112 
119 
127 
109 
112 
111 
92 
99 
67 

l O l  
123 
111 

Predicted genotype from the top half 
of the genotypie ~stribution 

proportion I number adjusted 

101 92  
lO8 lO3 
116 116 
95 93 

l o l  92 
98 95 
78 68 
84 8o 

83 85 
lO8 117 
lO2 86 

.902  

.908 

. 910  

.870 

.9o2 

.883 

.848 

.846 

.826 

.879 

.920 

as the  abscissa  of the  curve P = 0.25 at  a select ion 
ra te  of 25 percent .  

In  m a n y  p rac t i ca l  s i tua t ions  where  th is  model  
migh t  app ly ,  the  two phe no typ i c  t r a i t s  be ing  se lec ted  
are nega t ive ly  corre la ted .  The  ca lcu la t ion  of numer i -  
cal p red ic t ions  in the  form ou t l ined  here  would  then  
requi re  ex tens ion  of our  F igures  4 - - 1 2  to  include 
nega t ive  corre la t ions .  A case in po in t  arises in sugar-  
bee t  select ion when 

X 1 = G 1 + E 1 = log weight  per  root  

X~ = G 2 + E 2 = log pe rcen t  sucrose 
and  

Y = G1 + G2 • 

Select ions  on weight  per  roo t  are c o m m o n l y  m a d e  in 
the  field and  b rough t  in to  the  l a b o r a t o r y  for select ion 
on percen t  sucrose, the  a im being  to improve  the  
genet ic  va lue  wi th  respec t  to  sucrose yield.  

A p p e n d i x  1: C o n d i t i o n a l  D i s t r i b u t i o n  o f  G g i v e n  X 

I f  X = G + E where  G and  E are  i n d e p e n d e n t  
no rma l  chance var iab les  wi th  means  ~ and  o and  
var iances  a~ and  a~, respec t ive ly ,  then  the  condi-  
t iona l  d i s t r i bu t ion  of G for f ixed X is no rma l  wi th  

coy(X, G) 
ave (G Ix) = ave (G) + var(X) Ex' - ave (x)] 

a~ , 
= g + ~ ( x  - -  g) 

g e 

va r  (G [x) = va r  (G) 1 var(X) var(G) 

=~(1 ~°~+4) 
A p p e n d i x  2: D e r i v a t i o n  o f  E q u a t i o n  (I)  

F o r  

h e - -  
a~ x ' - ~  g ' - ~  

g -  

the  cond i t iona l  p r o b a b i l i t y  t h a t  G will exceed g'  is 

[ G - -  a~e (fi Ix) > g' = ave (G [x)] 
P (G > g' Ix) = P L V ~  (G~) V~ia: (G ~) J 

= , _  ¢, [ r  - h_ }l = ¢ , [ h  • - 

LV -h- j 
where O) is the standard (cumulative) normal distri- 
but ion funct ion.  I f  g = o and  h 2 = 1/2, this  becomes 
mere ly  ~0(x) . 
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A p p e n d i x  3: D e r i v a t i o n  o f  E q u a t i o n  (2) 

Pc. ,  = P (G > g' IX > x') = r (~  > g', x > x') 
r ( x  > x') 

O0 O0 

1 i f  - -  1 - F x ( # )  fa  Ix (u Iv) f x (v)  du dv 
x'  g' 

o o  

_ 1 f 1 - -  fTX(Xt )  . [1 - -  FG] x (g t  ]V)] d F  X (v)  

X t 

where 

= ) 
\1/~] + a~ 

l __ F 6 l x ( g ' l v )  - -  l __ @ ( g ' -  ~ - h 2 ( v - - ~ ) )  

= ~(h~ ( ~ - ~ ) - ( g , - ~ ) )  
ag V1 h 2 

With  the change of variable 

then,  in terms of the  s tandardized  variables x and g 
defined in Appendix  2, 

o o  

P g ' " -  1 - ~(x)  j ~ k V ~ ]  dq~(y) . 
x 

This integral  is undefined when h z = 1. However ,  
this means tha t  X = G with probabi l i ty  one, i.e. the 
genotype  is observable.  Thus,  

i g '  G x '  _Pg., = P (G > g ' l  X > x') = - ~(g) g'  x' 
~(,) > 

For  the special case g = o and h * - -  ~/2, the  integral  
reduces to 

o o  

f Po. ~; = -1 - -~(x) qS(y) dqS(y) 
x 

1 1 ~ ) 2  Co 

_ 1 - _ 1 ( 1  + 

2 (1 -- q~(x)) - -  2 

A p p e n d i x  4: D e v e l o p m e n t  o f  Tab le  1 

For  a set of phenotyp ic  intervals (x 1 , x~) . . . . .  (x,,, + oo) 
on the  s t anda rd  scale 

x i  - -  g 

the  propor t ion  Pg(x~, xi+~) of genotypic  values ex- 
ceeding the  popula t ion mean  by  an amoun t  ga s can 
be computed  f rom the formula  

Pc (xi, xi+l) = Pc.x, [1 - q~(xi)] - Pc.x,+, [1 - #(m+,)] 
[1 - ~ ( m ) ]  - [1 - ~(xi+~)]  

Referr ing to Figure 8 for the case h 2 =  o.5, we 
i l lustrate this procedure with intervals  of length 
xi+x --  xi = o.5 between x a = .25 and x,, = x 5 = 2.25. 
Taking  the interval  (1.25, 1.75), for example, we find 
(either b y  visual in terpolat ion on the  r igh t -hand 
scale of Figure 8 or direct ly f rom tables of the s tan-  
dard  cumula t ive  normal  dis t r ibut ion):  

1 - -  ~ (1.25) = .1056 1 -- ~ (1.75) = .0401 

E1 -- ¢ (1.25)] --  [1 ~1) (1.75) ] = .0655. 

Then,  to find the expected propor t ion of above-aver-  
age genotypes  in this interval  we refer to the P = 0 . 5 0  
(or g = o) curve in Figure 8; at  xi = 1.25 this gives 

Pg.~  = Po.~.25 = .947 

and  at  xi+l = 1.75 

- P g " * + l  = P o .  a.75 = .980 
so t h a t  

Pc (xi, xi+l) = Po (1.25, a.75) 

. 9 4 7 ( . l O 5 6 )  - -  . 9 8 o ( . o 4 o l  ) 

.o655 
.o607 
.0655 

= .9267 

Thus,  when h ~ - -  1/2, 6.55 percent  of the popula t ion 
falls in the pheno typ ic  interval  

1.25 ~ 1/~T-~e+ < 1.75 

and 92.67 percent  of the individuals  falling in this 
in terval  are genotypica l ly  above  average.  

Similarly, f rom tile curve for P = 0.25 (g - .6745) 
in Figure 8 we find 

P g . x ,  --- P .6745 '  x.25 = .756 P g . , , ,  = P.6745.a .75 = .867 

so tha t  

Pc (xi, xi+~) = P.6745 (1.25, a.75) 

. 7 5 6 ( . l O 5 6  ) - -  . 8 6 7 ( . O 4 O l  ) 

. 0 6 5 5  
_ .0451 

.o655 

= .6885. 

Thus,  68.85 percent  of the individuals in this interval  
belong to the top quart i le  of the genotypic  distr ibu- 
tion. The remaining computa t ions  for this and other  
intervals,  performed in the same manner ,  are shown 
in Table  1. 

Tables similar to  Table  1, bu t  for other  values of 
h 2 require the use of figures o ther  than  Figure 8. For  
example, Figure 5 would be used in place of Figure 8 
to get a table  for h 2 =  0.2, bu t  it would be used 
exact ly  as Figure 8 was used above. 

A p p e n d i x  5 : D e r i v a t i o n  o f  E q u a t i o n  (3) 

o o  

Pg.~ - P(Gk > g') = ~ f f~k!x, (u [v) f x ,  (v) du dv 
- - o o  g" 

c o  

= f [1 - Fc~rx~ (g' [v)] aFx~ (v) 
- - o o  

o o  

= 1 --  f F ~ l x .  (g' Iv) ( a f x .  (v) 
- - o o  

where 

Fx~ (v) 

- -  ,=o ( r )  ~]/a~ + ae 2 \ ~ f f ~ ] J  

and 

Fcklx ,  (g' ix) = q5 (g' -- g ---- ~2-(v~---g-)] 
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With the changes of variable 

- g  - and g - -  g ' -  ~ 
= 1 /~  + ~ ~ l/~ ---=-~ ' 

c o  

f ~ , , = a -  ~ \ V I - ~ ]  
- - c o  

A p p e n d i x  6: 
N u m e r i c a l  Integrat ion  L e a d i n g  to T a b l e  2 

Arbitrari ly close bounds on the integral in Equat ion 
(3) m a y  be computed  as 

~" (I) x i - -  g h 

(x,)] 
i ~ 0  

where --oo = x 0 ~ x 1 ~ . . .  ~ xm < xm+, = + o o  is 
any  judiciously chosen monotone sequence and 

k - - 1  

Fur thermore,  when k is small and N is large, F~(x) 
remains extremely small until q}(x) gets near  unity,  
and then F~(x) is closely approximated  by  

~-* IN(1 -- q~(x))]' 

F~O 
In  particular,  when k = a, 

FI(X) = ~N (X) - -  e-~r*-~(*~ 

remains less than .oo5 until  q}(x) a t ta ins  the value 
5.29832 

and increases to .995 at  
.oo5o~ 

q~(x~) = a N 
thus indicating a judicious range for the sequence 
x~ < . . .  <Xm. 

Certain special cases do exist where the integral 
Pg, ~ can be evaluated explicitly, the most  interesting 
being the case h 2 = 1/2 and g ---- o. When half of the 
phenotypic  variabi l i ty in the (infinite) population is 
of genetic origin, the probabi l i ty  tha t  the k ~ ranking 
phenotype in a population of size N will be geneti- 
cally above average is 

c o  

- - c o  

With  the change of variable u = qg(x), then 
c o  

- / 
- - c o  

k N! kt (N -- k)l k 
= 1 - -  " - - 1  

kl ( N - -  k)! (N-J- a)l N +  1" 
From this result it follows tha t  the expected number  
of above average genotypes among the best k out of 
N phenotypes is 

[ ~ + ~  ] 
~ P o . i =  k [ a 
~=, ~ - ~ ¥  1) 3 
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A second, but  ra ther  trivial, special case arises 
when h 2 = a. giving 

-Pg, k = 1 - -  Fk(g) 
which is readily evaluated from tables of the s tandard 
normal  distribution. While this limiting case is of no 
part icular  genetic interest, it does provide a conve- 
nient bound or useful check against numerical inte- 
gration at  other values of h. 

A p p e n d i x  7: Just i f icat ion of Equa t ion  5 

L a., _1 L%*, ~.,., 
For  simplicity of notation, write ~.1., as e, %. ,  as 
~1 and Qy., as ~2. 

E ( Y X , -  ) X l '  X 2 - -  > X,)  

= I~, + ay E(W lZl > x~, z2 > x , ) .  (A-a) 
E (W IZl > xl, Z, > z2) 

CO CO CO 

_ f f f  - -  P (Z1 > xT, Z~ > x2) wfw, z,, z. (w, u, v) dw dv du 
X l  x I - -  c o  

CO 

P (Z 1 > x  1, Z~ > x2) 

X f,..,.(u.v) dv du (A-2) 
where 

Y(Z1 ) Xl' Z2 > x2) = ~ (Z2 > x2121 > xl) -P (G > x~) 
= P,, .x,  (1 --  ~ (x l ) ) ,  (A-3) 

E ( W I Z  1 = u. Z~ = v) = o, (u - e(;) _+ o 2)e~ (v - q u) (A_4) 

[ , ] 2r~/1 0 * exp - -  ( u _ o v ) ,  a ' _ - - ~  2 (1 -- 02 ) -7  v~ " 

(A-5) 

When equations (A-4) and (A-5) are subst i tuted into 
(A-2), a sum of two integrals results. If  we ignore the 
factor P ( Z  1 ~ x v Z 2 ~ x2) for the moment ,  the first 
of these integrals is 

o o  oo  

(1- -02 )2~]/1_--Z-~ exp - - - T v  ( u - - 0 v )  
x~ Xl 

× e x p [  2 (l ! (u --  e v)2] d u d v q 2 )  
c o  

- f o x p [  
X2 

[ X e x p  2 (1 - 0 2) 

: C a  exp --  x~ l / ~ - l - - q  2 
oo 

X exp 2 (1 - 02) 
X2 

and 

fz,,z,(~, v) 
1 
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The second in tegra l  can be t rea ted  in the same fashion. 
Subs t i t u t i ng  these results  and  E q u a t i o n  (A-3) in to  
(A-2) and  thence in to  (A-I), 

E (  Y X I -  px' > X 2 -  #x" > 

Vi-.-- ]J 
as shown b y  COCHRAN (1950). 

Z u s a m m e n f a s s u n g  

W e n n  genetische u n d  umwel tbed ing t e  Effekte auf 
e inen q u a n t i t a t i v e n  Ph / ino typ  X ~ G + E yon  ein- 
ander  unabh~ingig u n d  no rma l  ver te i l t  sind, d a n n  
en t sp r ich t  die Wahrsche in l ichke i t sver te i lung  des ge- 
ne t i schen  Wer t s  G un t e r  I n d i v i d u e n  mi t  f ix ier tem 
ph~inotypischem Wef t  X gleichfalls einer  Normal-  
ver te i lung.  Das Mit te l  dieser a poster ior i -Vertei lung 
der genet ischen Wer te  ist ~ + h ~ ( X -  ~) u n d  die 
Var ianz  ist @ (1 - - h 2 ) ;  wobei ~ das a priori-Mit tel  
von  X, h ~ der Heri tabil i t~t tskoeffizient  u n d  a~ die 
genet ische Var ianz sind. Ffir jeden f ix ier ten Wer t  von 
h 2 u n d  @ k a n n  daher  die a poster ior i -Wahrscheinl ich-  
keit ,  dab der genetische Wer t  G das Popula t ions -  
mi t t e l  in Ve rb indung  mi t  e inem gegebenen Phl ino-  
t y p  X u m  einen b e s t i m m t e n  Wer t  t ibersteigt ,  d i rekt  
aus den Tabe l len  einer s t andard i s i e r t en  Normal -  
ve r te i lung  abgelesen werden.  Der e rwar te te  Ante i l  
dieser fiberlegenen, genet isch bed ing ten  Abweichung  
un t e r  Ind iv iduen ,  deren ph~inotypischer Wer t  e inen 

vorgegebenen K o n s t a n t w e r t  t ibersteigt ,  k a n n  eben-  
falls numer i sch  er rechnet  werden.  E r  wird im vor-  
l iegenden Fal l  graphiseh dargestel l t .  W e n n  eine 
ph{inotypische Selekt ion zur  Auswahl  der bes ten  
P h ~ n o t y p e n  aus N I n d i v i d u e n  erfolgt, sollte N groB 
genug sein, u m  mi t  hoher  Wahrsche in l ichke i t  eine 
tiberlegene, genet isch bed ing te  Abweichung  zu erhal-  
ten.  Die wi rksamen  Charak te r i s t iken  dieses Typs  
der Selekt ion werden  in  tabel l ie r ter  F o r m  wieder- 
gegeben, die gleichfalls auf numer i scher  I n t e g ra t i on  
beruh t .  
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Frey, Kenneth J. (Editor): Plant Breeding. A Symposium 
held at Iowa State University. Ames, Iowa: Iowa State 
University Press 1966. $ 6,95. 

The papers presented at symposia inevitably vary in 
relevance to theme and in quality. This symposium on 
Plant  Breeding was no exception, although all of the 
topics are relevant to the practicing plant  breeder. 
Eleven reports, with accompanying discussions, are 
presented. The first, by D. C. SMITH, provides a broad 
review of the development of the profession. Chapters 
two through nine are devoted to more detailed reviews of 
major research areas of the science. They include: Plant  
Explorations and Biosystematics, J . R .  HARLA•; In- 
fluence of Morphology and Sterility on Breeding Methodo- 
logy, D.N.  DcvIcg;  Cytogenetics and Plant  Improve- 
ment,  C. R. BURNHAM; Mutation Breeding, W. C. GRE- 
GORY; The Role of Pest Resistance in New Varieties, 
J .C.  WALKER; Significance of Experimental  Design in 
Plant  Breeding, E. L. LE CLERG ; Quanti tat ive Genetics in 
Plant  Improvement,  G. F. SPRAGUE ; and, Genetic Control 
of Physiological Processes, A. M. SR~. Emphasis in this 
section is on review of past performance as it relates to our 
present state of knowledge. In  this regard E. L. LE CLERG 
provides a particularly lucid presentation of the historical 
development of concepts, principles and techniques cur- 
rently utilized in the design of plant  breeding experiments. 
The reviews of DUVICK and BURNHAM are also straight- 
forward. 

\V. C. GREGORY and G. F. SPRAGUE have placed more 
emphasis on the future. Furthermore these reports are 
sufficiently specific to invite critical thought. GRLGORV 
argues from theory of FISHIER and experimental results of 
his own and others, for increased use of mutat ion breed- 
ing. Using FISHER'S model of population adaptation, he 
attacks the argument that  mutations are generally 
deleterious in effect. GREGORY'S logic train, if I follow it 
correctly, is as follows: 1) experimental evidence demon- 
strates tha t  the phenotypic effects of induced mutations 

are distributed exponentially, the most frequent class of 
effects being very low in magnitude, the least frequent 
being very large in magnitude; 2) according to FISHER'S 
adaptation model, as the magnitude of phenotypic effects 
of a mutan t  approaches zero, the probability the effect 
improves adaptabil i ty approaches one half; 3) given 1) 
and 2) then mutagenesis followed by screening of mutants  
with large phenotypic effects should result in increased 
genetic variance without a reduction in the mean. I t  
seems inevitable this hypothesis will stimulate contro- 
versy. Hopefully it will stimulate clear cut experimental 
tests. 

G. F. SPRAGUE reviews the most commonly used techni- 
ques for estimating genetic variance components in 
agronomic crops. But  his discussion becomes intriguing 
when he turns to breeding methods. Rather than pushing 
for new breeding methodology, he suggests a second look 
at the method of mass selection. SPRAGVE argues that  
additive genetic variance plays a more important  role in 
crop improvement than it has received credit for in the 
recent past. He supports this argument with considerable 
evidence. Of course the comparative efficiencies of breed- 
ing methods can be determined in a rather straightfor- 
ward way -- given good estimates of appropriate variance 
components. The catch here is in obtaining good estimates. 

The final two chapters, P lant  Breeding -- Prospects 
for the Future by G. W. BURTON and Internat ional  Needs 
in Plant  Breeding by A. H. MOSEMAN wind up the sym- 
posium with a grand view of future problems and strate- 
gies for meeting these problems. 

I t  appears that  the symposium was designed for the 
exchange of information and ideas primarily among pro- 
fessional breeders. The intent  of publishing these proceed- 
ings must therefore be to disseminate this information 
and these ideas more broadly. The book will be of more 
interest to breeders of field crops than to breeders of 
horticultural or vegetable species. 

P. E. Hansche, Davis 


